The -function (the Holevo capacity of constrained channel) and the convex closure of the output entropy for arbitrary infinite dimensional channel are considered. The properties of the k-function and of the convex closure of the output entropy are explored. The applications of the obtained results to the additivity problem and to the theory of entanglement are presented.
INTRODUCTION
In the study of the classical capacity of finite dimensional quantum channels the three quantities play a basic role, namely, the output entropy, its convex hull and their difference, called the -function. The Holevo capacity of a channel with constraints defined by some subset of states is equal to the maximal value of the -function on this subset. 4 The proof of the existence of optimal ensembles is based on the analysis of the convex hull of the output entropy,'5.9 It also makes possible to apply convex analysis approach to the additivity problem' and provides an equivalent formulation of the strong additivity of the Holevo capacity for two channels4 in terms of the superadditivity of the convex hull of the output entropy for these channels.
In this work we consider generalizations of the k-function and of the convex hull of the output entropy to the infinite dimensional case developing results .
It is shown that the k-function of an arbitrary channel is a concave lower semicontinuous function on the whole state space with the natural chain properties (propositions 1-2), having continuous restriction to any set of continuity of the output entropy (proposition 6). This implies continuity of the -function for the Gaussian channels with the power constraint (corollary 3 and notes below). For the -function the analog of Simon's dominated convergence theorem for quantum entropy'3 (corollary 1) is also obtained. These results make possible to prove that the additivity of the Holevo capacity for all finite dimensional channels implies the additivity of the Holevo capacity for all infinite dimensional channels with arbitrary constraints (theorem 1).
Since in the finite dimensional case the convex hull of the output entropy is a continuous function it coincides with its convex closure. In the infinite dimensional case this coincidence does not hold and it seems reasonable to consider the convex closure of the output entropy instead of its convex hull. The explicit integral representations of the convex closure of the output entropy of an arbitrary infinite dimensional channel is obtained and its properties are explored (propositions 3-5 , corollary 2) . It is shown that the convex closure of the output entropy coincides with the convex hull of the output entropy on the convex set of states with finite output entropy. Thus the representation of the -function as a difference between the output entropy and its convex closure remains valid on this set. Similarly to the case of the k-function, it is shown that the convex closure of the output entropy has continuous restriction to any set of continuity of the output entropy (proposition 6).
The obtained properties of the -function and of the convex closure of the output entropy make possible to establish relations between different sub(super) additivity properties for two infinite dimensional quantum channels (theorem 2).
A very important particular case of the convex closure (= convex hull) of the output entropy of a finite dimensional channel is the notion of the entanglement of formation (EoF)2 of a state in bipartite system. Indeed, the EoF coincides with the convex closure of the output entropy of a partial trace channel from the state space of bipartite system onto the state space of single subsystem. It seems natural to define entanglement of formation of a state in tensor product of two infinite dimensional systems in the same way as the convex closure of the output entropy of a partial trace channel. This definition guarantees such properties of the EoF as convexity, lower semicontinuity on the whole state space and continuity on the subsets with constrained mean energy. It is shown that this definition coincides with the conventional definition of the EoF considered in,23 for all states in bipartite system having marginal states with finite entropy. 
PRELIMINARIES
Let 71 be a separable Hubert space, B(?-I) the algebra of all bounded operators in 7-1, T(7-() the Banach space of all trace-class operators with the trace norm . i and (1-1) the closed convex subset of T(7-1) consisting of all density operators (states) in 7-1, which is complete separable metric space with the metric defined by the norm.
A finite collection {ir , p} of states p with the corresponding probabilities ir is conventionally called ensemble.
The state 5 = >i: 71jj is called the average state of the ensemble. Following5 we consider an arbitrary Borel probability measure ir on (1-C) as generalized ensemble and the barycenter (ir) = f pr(dp).
of the measure it as the average state of this ensemble. In this notations the conventional ensembles correspond to measures with finite support. Let f be an arbitrary real valued function defined on closed convex subset X of some locally convex linear topological space. The convex hull convf of the function f is defined by
E irx=x
It follows that convf is the greatest convex function majorized by f.
The convex closure öYiVf of the function f is the upper bound of all convex and closed (lower semicontinuous)
functions majorized by f. It follows that öiWf is the greatest convex and closed function majorized by f. This We denote by >:7Vjj a finite convex decomposition as distinct from countable decomposition irpj.
THE x-FUNCTION
Let : 3(N) E-* c(7-(') be an arbitrary quantum channel. The output entropy H(p) H((p)) of the channel is a nonnegative lower semicontinuous concave function on the set (7-1). For given p e (7-1) the quantity x() (the Holevo capacity of the {p}-constrained channel ) is defined as
(the supremum is over all finite convex decompositions of the state p). It is shown in5 that
where P{p} is the set of all probability measures on h) with the barycenter p, and that under the condition H (p) <+oo the above supremum is achieved on some measure supported by pure states (generalized optimal ensemble).
Note that H(p) = +oo does not imply x() = +oo. Indeed, it is easy to construct FT-channel such that Hp(p) = +00 for any p E (fl). On the other hand, by the monotonicity property of the relative entropy >irjH(pj(Ip) logdim'/-I < +00
for arbitrary ensemble {7r, pj}, and hence x(p) logdim'I-I < +00 for any p In the finite dimensional case the function x() is continuous and concave on 6(N). In the infinite dimensional case the function x (p) is not continuous even in the case of the noiseless channel , for which
But it turns out that the function x() for arbitrary channel I has properties similar to the properties of the output entropy H(p). which is a continuous function and hence coincides with the convex closure of the output entropy. In the infinite dimensional case the function convH (p) is not closed (lower semicontinuous) even in the case of noiseless channel k. Indeed, convH(p) = +00 for any state p with H(p) = +00 (the set of states with finite entropy is convex'4), but such a state p can be represented as a limit of a sequence Pn of finite rank states, for which convH (pa) 0. It follows that convH (p) is not lower semicontinuous.
It seems natural to suppose that in the infinite dimensional case the role of the function convH (p) is played by the function öiiVHp(p). The aim of this section is to confirm this conjecture by exploring properties of the function iiVH(p) and its relation to the k-function. First of all we will obtain an explicit representation for öiiVH(p).
Consider the function = inf f H(p)ir(dp) +00 7rEP{} * Fl-channel is defined in10 as a channel from finite dimensional system into infinite dimensional one.
where P{p} is the set of all probability measures with the barycenter p. It is easy to see that ft(p) convH(p) H(p) for all states p in (fl). Proposition 3. For arbitrary state P0 there exist a meastire ito in P{c} snpported by pure states such that fI(Po) = f H(p)iro(dp).
The measure ItO can be chosen to be a measure with support consisting of n2 atoms (ensemble of n2 pure states) if and only if the state p0 has finite rank n. The validity of the above equality for arbitrary sets A and B is equivalent to the validity of the following inequality X®w(w) < X(p(w"') + xw(w). (2) for all states w (7i ® ,C) (subadditivity of the k-function) Proposition 1 and corollary 1 provide the proof of the following result. Theorem 1. The additivity of the Holevo capacity for all finite dimensional channels implies the subadditivity of the x-function for all infinite dimensional channels, which means the additivity of the Holevo capacity for all infinite dimensional channels with arbitrary constraints.
In' the convex duality approach to the additivity problem in the finite dimensional case was proposed. The results of previous sections provide a generalization of this approach to the infinite dimensional case. 
This is a partial case of the additivity of the above output purity with respect to the Kronecker sum: VH(®'I1,A®I+I®B)l/H(,A)+VH(W,B). S If there exist full rank states p e 6(7-1) and a e (K) such that H(p) < +oo and Hp(cr) < +oo then the validity of inequality (5) for all states implies the validity of inequality (2) for all states.
The class of infinite dimensional channels for which the subadditivity of the k-function (the validity of inequality (2) for all states) holds is nontrivial. 
ON DEFINITION OF THE EOF
Entanglement is a specific feature of composed quantum systems. One of the measures of entanglement of a state of a bipartite system is the entanglement of formation (EoF).2 In the finite dimensional case it is defined as EF(p) = E'=p : irH(p), where is the partial trace channel from the state space of bipartite system onto the state space of a marginal subsystem. In term of convex analysis this definition means that the EoF coincides with the convex hull of the output entropy of the partial trace channel. Continuity of the EoF established in8 implies that it coincides with the convex closure of the output entropy of the partial trace channel in this case.
A natural generalization of EoF to the infinite dimensional case was considered in3 and it was defined by
where infimum is over all countable decomposition of a state p into pure states and k is the partial trace channel. An alternative approach to the definition of the EoF was considered in7 in the case of tensor product of two systems with one of them finite dimensional. In this spirit we can define the EoF in the general case by E(p) = ft(p) = inf J H(p)(dp), 1rEP{} where is the partial trace channel. Propositions 4 implies that E is a convex lower semicontinuous function which coincides with the convex closure of the output entropy of the partial trace channel. Proposition 3 shows that the infimum in the above expression is achieved at some measure supported by a set of pure states while proposition 5 implies the following natural property of E:
{E(p) = O} {state p is nonentangled}
where the set of nonentangled states is defined as the convex closure of all product pure states. Indeed, for the partial trace channel 1 the set H(j1(O) fl Extr3(7-1) coincides with the set of all product pure states. Proposition tThis is infinite dimensional generalization of Shor's result'2 6 and proposition 3 in3 implies that E is trace norm continuous on the subsets of states with constrained mean energy.
An interesting question is the relations between Ej and P.3. By proposition 3 we have E(p) E(p) for all states p. Since an arbitrary state can be represented as a countable convex combination of pure states proposition 4 and concavity of the output entropy imply Ej(p) = 4(p) (6) for all states p having partial traces with finite entropy. It is easy to see that (6) The details and proofs of all presented results can be found in,10.
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